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LE'ITER TO THE EDITOR 

The q-deformed differential operator algebra, a new solution to 
the Yang-Baxter equation and quantum plane 

Jian-Hui Dai, Han-Ying Guo and Hong Yan 
CCAST (World Laboratory), PO Box 8730, Beijing 100080, People's Republic of China 
and Institute of Theoretical Physics, Academia Sinica, PO Box 2735, Beijing 100080, 
People's Republic of Chinat 

Received 2 January 1991 

Abstract. The q-deformed differential calculus is proposed and analysed in the framework 
of quantum plane. The q-deformed differential operator algebra is investigated and applied 
in the investigation of the quantum group SU,(2) and its representations. The generalization 
to n-dimensional differential calculus is made and shown to be a new solution to quantum 
plane by providing a new solution of the Yang-Baxtcr equation. 

In this letter we propose a q-deformed differential operator algebra (q-DDOA) and its 
realization of the quantum groups. These differential operators are most properly 
understood in the framework of a new non-commutative geometric calculus (quantum 
plane). The exchange matrix of the multi-dimensional ~ - D I ) O A  is shown to be a new 
solution to the Yang-Baxter equation. The connection between the present quantum 
plane and that firstly proposed by Woronowicz [ I ]  and further discussed by Wess and 
Zumino [2] is explored. 

Let us recall the ordinary differential operator algebra (DOA) spanned by x, J ,  xJ, 
with ( J  = J/Jx) satisfying the following relations, 

[X, J] = -1 [ x J , x ] = x  [XJ, J] = -J .  (1) 

The representation is the Bargmann space 

The operators act in B to yield 

x f ( n )  = m f ( f l +  1) 

J f ( n ) = & f ( f l -  1) 

x J f ( f l )  = f l f ( f l ) .  

(3) 

It is well known that the semisimple Lie algebra can be realized in differential operators. 
Suppose that M m x n  is representation of semisimple Lie algebra g, then 
(x,, x2, .  . . , X , , ) ~ M , , ~ ~ ( J , ,  J ~ ,  . . . , a,,) is the differential realization of g. 
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Now we investigate a q-analogous realization for quantum algebras by introducing 
an additional derivative operator, the q-derivative : defined via its action on Bargmann 
states x", 

1 - q2x 
.5x" ={fl},x"-' {XI, =- (4) 1 -q2 '  

It is easy to find that the commutation relation between the variable and the derivative 
operator is twisted, namely, 

:x = 1 + q'x.5. (5 )  
When q +  1, the untwisted commutation relation is recovered, i.e. 

Jx = xJ+ I .  (6) 

[X, J ]  = -1  [xJ, x ]  = x [XJ, J] = -J (7) 

[x, :I = -q*xa [xd, x ]  = x [xJ, 51 = -:. ( 8 )  

By analogy with the ordinary commutation relations of the operators x, J, xJ, 

we have the twisted relations, 

The algebraic relations (7) are usually denoted D(I), i.e. the one-dimensional differen- 
tial operator algebra, while the relations (8) are called the (one-dimensional) q- 
deformed differential operator algebra, namely, D,( 1). 

The studies on the representation of the algebra D,( 1) are of two parts with respect 
to q being a root of unity or not. For q not a root of unity, the Bargmann representation 
for the q-DDOA is 

which is irreducible and indecomposable. When the operators act in this space, 

X f ( n ) = m f ( n + l )  

= m f ( n  - 1) 

x i f ( n )  = { n l , f ( n )  
xaf(fl)= nf ( f l ) .  

When q is a root of unity, i.e. q" = *l, where p is the possibly smallest positive 
integer. Therefore when { P } ~  = 0, the representations (9) may be ill-defined. But it is 
easily seen that the states in the following representation are still well defined: 

The actions of the operators in this space yield 

x f ( n ) = { n + l ) , f ( n + l )  

$ ( n )  = f ( n  - 1) 

x:f(n) = { n I , f ( n )  
xJf(fl) = f l f ( f l ) .  
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This representation is infinite dimensional, and every I np - 1)  state cannot be raised 
to Inp) by the action of x. Therefore there are infinite number of invariant subspaces, 
denoted p.. Each p. consists of the states IO), / I ) ,  . . . , Jnp - l ) ,  and 

( 1 3 )  

But state In) can be raised to state I n + p )  through the action of the Luzstig operator 
L= x p / { p l q !  [ 3 ] .  

Generalizing to D,( n ) ,  the n-dimensional differential operator algebra is straightfor- 
ward, i.e. 

pI c p 2 c  P,C . . . P. c . . . r,. 

[x. ; . ] = - a . .  J s 4  2 V l  

[x;J;, x j ]  = S,x; i , j =1 ,2  ,..., n (14) - - 
[x;J;, J; ]  = q 5  

and the basic relations between and x, are 

ZrX, = 8, + q==u,5,. 

The q-deformed Lie algebras or quantum groups such as those of A,, or C, types 
can be realized via the above n-dimensional q-deformed differential operator algebra. 
The essential characteristics can be found in the specific example of SU,(2) algebra, 
which is spanned by the generators X t ,  X -  and X o ,  - 

X +  = KX a 2x,J, 

x- = q-wX2;, (16) 

X"  =i (x,J, -x,J,) 

and it  is a simple calculation to show the algebraic relations for SUJ2) 

[X+, x- ]  = [2X"l, [XO, X ' ]  = *x*  (17) 

We consider the representations for SU,(2) algebra. Let us start by looking into 
where [ ~ ] , = ( q ~ - q - ~ ) / ( q - q - ' ) = s i n h  yx/sinh "1. y = I n q .  

the case of q not a root of unity. The representations are 

When the operators act in this space, we get 

where C is the Casimir operator for the algebra. The spaces r; are of dimensions 
D ( j )  = 2j+ 1 and q-dimensions D,,(j) = [2j+ l ] * ,  respectively. According to [4], all 
finite-dimensional representations of the quantum enveloping algebra are completely 
reducible and the irreducible ones can be classified in terms of highest weights. 

If q' = + I ,  the representations for SU,(2) proposed from those of the q-DDoA are 
,--m 

m = -j> - j+  1,. . . , j - 1 , j  I x2 

[ j +  m] , ! [ j  - m l , ! '  
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And the actions of the generators in these spaces yield 

X - i j ,  m )  = [ j -  m + l ] J j ,  m - 1 )  

X+ l j ,  m)= [ j +  m + m )  

It is also clear that (X')" = 0. And this property is preserved by the co-product 
A(X')" = 0. All the finite-dimensional representations split into type one and type two. 
Those of type two are still like generic ones with spins O s j S  ( n  - 2 ) / 2 .  Those of type 
one, however, are either irreducible and indecomposable and made of mixtures (p j ,  p,) 
with j ' = - j - 1  modp and l j -Bj ' l<p,  or irreducible (like p c p - - l ) j 2 ) .  In  any case they 
are characterized by a zero q-dimension. 

The extension to the A , ( n )  algebra is straightforward. Let the elements be 
( X t ,  X ; ,  Xp}, therefore - 

X ? =  q-'t+Ix.J. I It, - 
X , =  q-J'x,+,Jj l s i s n - 1  (22) 

Xp=$(x,Ji  -Xj+lJ;+,). 

The basic properties of the representations can also be carried out by direct calculations 
in the Bargmann space. The possible extension to C,(n) algebra and other quantum 
algebras will be explored elsewhere. 

It should be pointed out that there is Hopf algebraic structure hidden in q-oooA. 
I 1 = -*, v " _ -  1 = ", '" r .  -" then  ...-.. +hay .... span a Eopf w$h the &pfoperatiocs, 
the coproduct A, antipode S and co-unit E defined in the following way 

a 
A( Lo) = Lo0  1 + 1 0  Lo-: 

Y 

2 a  

Y 
S(Lo)=-Lo+i-.  1 

S(L+)= -q1/2L+ 

S( L-) = -q''2L- 

E ( L + )  = E ( L )  = o  
E ( 1 ) = 1  

where a = 2k7r + 7 r / 2 ,  k E %, 7 = -iy. Apparently, this Hopf algebra is isomorphic to 
the q-deformed oscillator algebra Hq(4) [ 5 ] .  When q +  1, the ordinary differential 
operator algebra is recovered. 
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The existence of the Yang-Baxter equation (YBE)  is a basic characteristic of quantum 
groups. From the q-deformed differential operator algebra, we can also construct the 
YBE. Firstly, the %-matrix can be written explicitly in the following way: 

where the convention 

q x  + q-x cosh( y x )  

4 + 4  
[ X l l + . d  =-I= cosh 

is applied. The %matrix has the following properties which can all be verified by 
direct calculations 

(AOid)% = %,3%23 

(id@A)% =%&,, 

(SOid)% =%-' 

where the gRS are the embeddings of % into 2tq(l)@J. Hence we can show 

312%el3%3= ~ 2 J g t J ~ l 2  (27) 
which is just the Yang-Baxter equation. 

Now we are in the position to show how the ~ - D D O A  is most properly understood 
in the framework of non-commutative covariant calculus. As is pointed out in the 
above, the differential operator algebra defined by the basic commutation relations 
(6), (13) are modified by the deformation parameter q and share essential properties 
of the non-commutative geometry [6]. Though the basic variables x, are commutative 
with each other, differently from Manin's proposal [6] of the non-commutative 
geometry and the covariant differential calculus defined for the construction of quantum 
plane by Wess and Zumino in [2], the new differential operator algebra supplies a 
new solution to the quantum plane proposal in [2], and consequently, a new solution 
to the Yang-Baxter equation. 

and derivatives 5; have 
the following relations 

(28) 5.t. E ,  = -c?!.$ o k& 

where E, C and F are called exchange matrices. The consistent differential calculus 
may be defined if the required properties of the exterior differentials are satisfied: 

According to [2], the basic variables, xi, their differentials 

X I -  - - -  
xjxj = E hI li xs ,  JJj=  F ,akJl .  

d =  5<;, d ' = o  &fa = (2fk +f&. (29) 

A non-trivial solution given in [2, solution (I)] is 
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where k is the symmetrized R-matrix. This solution defines a, consistent differential 
calculus on the quantum plane. It should be stressed that the R matrix in solution ( I )  
has only two eigenvalues. And any R matrix with three or more eigenvalues is excluded 
by (I). The situation changes when we take the following non-trivial solution (11) to (28), 

B = F = E  CCCR. (31)  

In this case, the basic variables are commutative and the q-deformed commutation 
relations exist between differentials cc and those between 5 and x,, etc. 

The commutation relations compatible with q-OOOA defined in (12) and (13) are 

It can be easily checked that the above matrix satisfies (30). To the knowledge of 
the authors, it is a new solution to the Yang-Baxter equation. A further publication 
[7] will provide the relevant Yang-Baxterization, the construction of Wend algebra, 
especially the applications of this new solution in the physics theories. 

The authors are indebted to Lu-Yu Wang, Zhan Xu and Jun Zhang for useful 
discussions. Dai and Yan would like to thank CCAST (WL) for hospitality during the 
Fields, Strings and Quantum Gravity Seminar in CCAST Summer Program cosponsored 
by Institute of Theoretical Physics, Institute of High Energy Physics and the National 
Natural Science Foundation of China. 
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